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ABSTRACT

In this paper, a stochastic framework is developed for modeling the operation of a
photometric-counting (PC) analyzer used for the detection of mechanical impuri-
ties in liquid media. The measurement process is modeled using probabilistic tools,
where particle arrivals follow a Poisson flow and the corresponding photometric
signals are subject to random distortions, Gaussian noise, and overlapping effects.
A mathematical model of the information formation process is formulated, and a
simulation-based model is proposed to approximate complex analytical expressions
and to evaluate error probabilities. Statistical criteria are introduced for the op-
timization of analyzer parameters, with the objective of minimizing measurement
error and improving the reliability of impurity detection. Discussions carried out
demonstrated the performance of the proposed approach under various noise and
signal conditions, and illustrated its potential advantages over purely deterministic
models. The study highlights how probabilistic modeling and simulation methods
can be used to enhance the accuracy and reliability of particle measurement systems.
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JEL CLASSIFICATION
62P30

1. Introduction

Further development of measuring technology applied to the protection of the en-
vironment from pollution is impossible without active use of modern mathematical
methods and computational technology in the development of measurement tools.
The use of modern mathematical methods at the stage of designing and operating
measuring devices allows creating qualitatively new measuring instruments that differ
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from the existing ones by a fundamentally new approach to the process of measur-
ing and calibrating devices. In particular, mathematical modeling allows to simplify
the measurement channel, to approach the verification and calibration of measuring
instruments in a new way, to successfully deal with random fluctuations that occur
during the measurement process, etc. [1, 2].

In order to develop and implement algorithms for solving the above problems in
analytical measuring instruments using microprocessor technology, it is necessary to
have their mathematical models. For this purpose, it is necessary to classify measuring
instruments with identical mathematical models and develop algorithms for solving
the above problems based on these models.

The result of such work is the optimization of the structure of measuring instru-
ments with a built-in microprocessor, optimally selected parameters and algorithms
for processing and filtering information, which should guarantee high quality of mea-
surements. On the other hand, the availability of mathematical models of measuring
instruments makes it possible to qualitatively solve the problems of their metrological
support, and makes it possible to determine the errors of measuring instruments in
a new way. The main methods for solving this problem are: analytical calculation,
natural experiment, simulation and semi-natural modeling [1, 3-5]. For most modern
measuring instruments, the last two are the most promising.

Simulation modeling of measuring instruments opens up wide possibilities for devel-
opers. It should be used at the design stage to optimize the structure and parameters
of the designed instrument in order to improve its metrological characteristics. At the
same time, the funds and time required to develop high-quality auto-analysers are
significantly reduced.

It should also be noted that it is important to address issues related to improving
the metrological characteristics of measuring instruments: development of algorithms
for parametric optimization of measuring instruments based on their mathematical
models; creation of generalized criteria for assessing the quality of measuring instru-
ments; development of methods for calculating individual metrological characteristics
based on natural or simulated characteristics of measuring instruments, etc. [6, 7.

Models of measuring instruments should be included in a single bank of mathe-
matical models of measuring units in order to expand the possibilities of their wide
use in creating optimal structures of information-measuring and other systems using
compositional modeling methods. Below, methods of mathematical and simulation
modeling for optimizing the structure and parameters of measuring instruments are
considered using the example of an automatic analyzer of mechanical impurities in a
liquid medium. It must be noted that most prior models treat measurements deter-
ministically [9, 10], while this paper introduces a stochastic/statistical framework for
modeling impurities. Since the measured environment and the measurement process
are random, the output signals have random fluctuations and, therefore, the number
and size of particles are estimated under noise. Therefore, the use of probabilistic
models instead of deterministic ones significantly improves the quality of solving the
above-mentioned problems and ultimately increases the quality of the measurement.

The structure of the rest of the paper is as follows. Mathematical model of the ana-
lyzer of mechanical impurities in a liquid medium is developed in Section 2. Simulation
model of the same analyzer is offered in Section 3. Optimization of the structure and
parameters of the mechanical impurity analyzer according to the developed models
are presented in Section 4. A short conclusion is given in Section 5.
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2. Mathematical model of the analyzer of mechanical impurities in a
liquid medium

Photometric-counting analyzers of mechanical impurities in liquid media are widely
used in many industries, performing dispersed analysis of process particles with a
low weight concentration. The main parameters in determining a heterogeneous sys-
tem are the concentration and particle sizes (PS) of the dispersed system (DS). Let
us consider an analyzer based on the photometric-counting (PC) method of analyz-
ing particles suspended in liquid technological media, which uses photometry of light
pulses scattered by a single particle. The analyzer consists of a light source (LS) and
an optical circuit for forming a light flow of a certain intensity and configuration. The
photodetector channel includes an optical circuit of registration of radiation and a
photodetector. One of the most important units of PC analyzers is a measuring cu-
vette, in which a counting zone (CZ) is formed. There is a sample preparation and
feeding unit for homogenization and introduction of the analyzed medium into the
hydrodynamic channel of the device with minimal distortions. For this purpose, the
medium is stirred and a certain volume is dosed. Particles are counted by size channels
in a given measurement range and displayed on a digital display.

The distortion of the analysis results is caused by the influence of various factors
affecting the measured value. Among them, it is necessary to note the error of sample
preparation, part of the dispersed phase is lost when the medium flows through the
supply channels and tubes. Losses are also caused by the adhesion of the analyzed
particles to the walls of the channels under the influence of Stokes sedimentation and
adhesion. These losses reduce the true value of the initial particle content, especially
large fractions. An increase in the initial concentration can be caused by the presence
of gas bubbles in the medium, which will be counted along with the DS particles. In
addition, the distortion of the measurement results can be facilitated by the influence
of the particle coincidence factor in the counting zone.

Based on the random nature of all factors of distortion of measurement results
in the PC-analyzer, its mathematical model is designed in the form of a conditional
probability distribution density of the latter with the specified number and sizes of
the measured particles [8]. In Figure 1 schematically shows the process of forming
measuring information in the PC-analyzer, taking into account all the noisy factors.

| Disappearing each 77

with probability g

Generating false
measurements

Figure 1. Block diagram of information formation in the PC-analyzer considering noisy factors.

Let the true values of the suspended particle sizes be r1,...,ry, and the measured
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values be x1, ..., x¢. Due to the merging, disappearance of true values and appearance
of false values, the output of the measuring device will contain not N measured values,
but ¢, where ( = N +v — u — (7 — 71), v is the number of false measurements; p is
the number of missing measurements; «y is the number of merged measurements; v, is
the number of groups obtained as a result of merging.

Let us assume that measurements located close to each other merge with probabil-
ity peonf, which depends on the number of merged points and the distance between
them. After merging closely located measurements, one measurement remains with a
mathematical expectation equal to the arithmetic mean of the mathematical expec-
tations of the merged measurements. The disappearance of both true measurements
and measurements obtained after merging occurs with the same probabilities ¢, i.e.
at the output of this block, measurements appear with probability (1 — ¢). Thus, the
disappearance occurs according to Bernoulli’s law with probability ¢g. The appearance
of false measurements occurs uniformly, regardless of the merged and missing points.
Such an assumption is made for simplicity of reasoning. In fact, the intensity of the
appearance of false measurements depends on the location of the true measurements,
as well as on their proximity, i.e. in the vicinity after the merger of the obtained
measurement there will be a greater number of false measurements.

Let ¢ = k and be known the value of (7 — 1) = 7. According to the multiplication
theorem, it is true

p(z|r,N)=p(x|(=FkrN) p(C=Fk[N). (1)

Let us calculate the probability

p(z | ¢ =k, N) =Zp(a: | (=ky=47,N) -ply=i|{=FkN) (2)

Based on the multiplication theorem

—ilc= _pC=ky=i|N) ply=ip+7=N+i-K|N)
p(y=1i|¢(=k N) =k ) =k [ . (3)

Substituting (3) into (2), and the resulting expression into ((1), we find

p(z|r,N) :Zp(l/:z',/ﬁ—ﬁ:]\f:i—k | N)p(ml,...,xk ]C:k,y:i,r,N). (4)

7

Let us now define the probability value p(x1,...,zx | ¢ = k,v = 4,7, N), where i
is the number of false measurements. After the merger and disappearance, k — i true
measurements will remain, the total number of different combinations of which, with IV
actually existing particles, is determined by the number of combinations C]]ifi. Taking
the disappearance of different combinations as equally probable events, we write

p(z1,...,2x | ( =k,v=1i,7,N)

Ck—i
1 & .
= W Z p<$1,---7$k ‘ Aj= {Ta(j,l)a"-vra(j,k—i)}vc =k,v= ZvN)7 (5)
j=1
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where Aj = {r5(1)s -+ > To(r—i)}>J = Lro o lei,_i, is the set of all possible non-missing
combinations. In the 1ndex o(j,m) (j=1,..., C]lf/_i, m=1,...,k —1) j indicates the
number in all possible combinations of not missing particles r, and m is the number
of elements in these combinations.

Of the total number of k elements, i are false; the number of all possible combina-
tions of false elements is C,i. We consider all these combinations to be equally probable.
Let us assume that the last 7 elements are false, then in C’,i combinations the elements

with numbers 1,2, ..., k—i will be true, and with numbers k—i+1,..., &k will be false.
We introduce the general index s(r,1),r =1,...,C},l=1,...,k. Whenl =1,... k—i,
the index [ corresponds to true measurements, and when [ =k — i+ 1,...,k, to false
ones.

According to the above, expression (5) takes the form

. LA
p(x1,...,xx | (=kv=1i,r,N)= @ ; C—}é
X ZP($S(T71)’ o Ty(rh—i) | Ta(i)s - To(h—i)) " 9(Tsrh—it1)) I (Ts(rk))
TN
T ok P i
X i [1_[19 s(rh—it1)) p(xs(r,l)a"'vws(r,k | To(j1)s - xo’(‘j7k—i)) , (6)
r=1 Li=

where g(ms(,ﬂ,k_iﬂ)) is the probability of the corresponding measurement being false.
Assuming that the particles in the measuring channel follow randomly and that all
possible permutations are equally probable, (6) can be rewritten as follows:

p(xy, ...,z | ¢ =k, V:irN)
chi ; (k—i)!

1
C’“ ; Z Z [H Ts(rh—itt)) o0 Z F(@sormem)) | Toim)) |-

j=1 krltl =1

Here f is the distribution density of a single measurement; the index 7 (¢, m) indicates
the mth permutation in the fth combination.

Let us determine the probability p(v = i,y +75 = N +i —k | N) from expression
(4). According to the multiplication theorem

p(v=i,u+7=N+i—k|N)
=pv=ilp+3y=N+i—kN)-plu+7=N+i—k|N). (7)

Let us assume that false points appear according to Poisson’s law with intensity A;
over the time interval 7, i.e.

(A7)

i!

plv=ilp+y=N+i—kN)= e T, (8)
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Probability

plu+7=N+i—k|N)= Zp,u N+i—k—n|3=n,N)-p(y =n|N). (9)

n

We assume that first the merging occurs, then the disappearance of points. The
points obtained on the basis of merging may also disappear. In this case, the probability
p(u=N+i—k—n|5,N) obeys Bernoulli’s law with probability ¢, i.e.

p(/,L - N +Z _ ]{7 —-n | :)7, N) _ C%+i7k7nqN+i—k‘—n(1 _ q)k:-f—'rl—l’ (10)

where p(7 = n | N) is the probability that n + 1 measured values have merged. There
are a total of such combinations equal to C;. Considering all these combinations to
be equally probable, we obtain

p( =n | N chonf T7(2,1) J(zn+1)) (11)

where By = (7"‘7(%1), ces 77'J(z,n+1))7 z=1,...,C}, is the set of all possible merged
combinations of n + 1 measurements; z is the number of combinations of merged
measurements; n is the number of elements in these combinations.

Let us define the summation limits in (9). The expression ¥ = v — 1 = 0 takes
place only when no merging occurs, and 7 = v —; = N — 1 when all measurements
merge and form one.

Substituting expressions (11) and (10) into (9), taking into account the above, we
obtain

pu+F=N+i—k|N)

N-1 Cx
. o .1
— chf\\/“rz k nqN—H k n(l_q)k+n 1C—nzpconf(rj(z,1)a"'7Tj(z,n+1))' (12)
n=0 N 2=1

Substitute (12) and (8) into (7). Then

(A7)’

p(l/:z’,,u+§:N+i7k: | N) = e M7
N-1 ' A
% Z C%+z—k—nqN+z—k—n(1 k+n 1 chonf TT(z1)- T T(z, n-l—l))' (13)
n=0

Taking into account (13) and (8), expression (4) takes the form

; N-1
A7)t . . )
p(x | r, N) _ 2 : ( 17-) e—)\lT § : C]]\\[f+szfnqN+z—k—n(1 N q)k—l-n—z

| n
; 2! —0 CN
cn Oy’
1 1
X Epconf(rj(z,l)?‘"’TJ(%"‘H))Ck—i Z o
z=1 N j=1 Tk
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Ci i (k=)' k—i
1
X Z [Hg(xs(rvkith) (k _ Z)' H f(xs(r,ﬂ'(f’m)) ‘ To’(j,m))
r=1 “t=1 /=1 m=1

1 (A17)" fxlTNil N+i—k—n N-+i—k-n ktn—i
A e it g b
. !

n=0 C}\Lf
C% ; cki 1
X chonf(rj(zjl), .. .,rj(z,n+1))W Z of
z=1 N j=1 "k
Ci i (k—i)! k—i
X Z [Hg(xs(r,k—i—i-t) Z H f(xs(rﬂr(f,m)) ’ Tcr(j,m)):| : (14)
r=1 -t=1 /=1 m=1

Let us determine the limits of change of 7, i.e. the number of false points.
It is obvious that ¢ > 0, i > k — N, ¢ < k. Therefore, the final expression (14) can
be written as follows:

p(z1,...,zx | r,N)

1 (A7) o 1
== Z 1" e—)\ﬂ' Z C]]\\ff—l—z—k—nqN—‘rz—k—n(l _ q)k+n—z —
k! il Ck
i=max(0,k—N) n=0
o ch
- 1 -~ 1
X chonf(rj(z71), .. .,Tj(z,n+1))W Z o7
2=1 N =1 Tk

Ci i (k—i)! k—i
X Z [Hg(xs(r,kiﬂ) Z H f(xs(r,rr(f,m)) | Tcr(j,m)) : (15)

r=1 tt=1 =1 m=1

The probability distribution density of measurement information (15) is obtained
taking into account all noisy factors (measurement errors, omitted measurements,
occurrence of false measurements, merging of close measurements) with maximum
approximation to the real situation.

Expression (15) is extremely cumbersome, and in this form it is practically impos-
sible to use it to estimate the number and sizes of particles suspended in a liquid.
Therefore, we formulate a set of conditions under which the expression for the prob-
ability distribution density has a comparatively simple form. These conditions cover
the indicated noisy factors in a simplified form and reflect the real situation in some
idealized form.

The action of noisy factors is described by the following models: true measurements
form a Poisson flow with intensity A over time 7, where 7 is the length of the section
on the time axis containing all the measurements of interest to us; errors in measuring
particle sizes are assumed to be additive normal with zero mathematical expectations
and with variance o2; missing measurements occur independently for each single mea-
surement with probability pagmi; false measurements form a Poisson flow with intensity
A1 over time 7, where A\; < A, the non-resolution is described by the probability of
obtaining one measurement for two particles, the time distance At between which
satisfies the inequality At < A4, i.e. the merging of measurements from two particles
depends not on the moment of their passage into the working zone, but on the distance
between them.
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Given the fact that true measurements form a Poisson flow with intensity A, the
probability of merging measurements from two particles is equal to the probability
that two particles appear in the measurement zone during the time At, i.e.

(AA)? A

pconf:P(£:2|At): ol e ",

After the merging of two measurements, the moments of appearance of the result-
ing measurement and the first particle coincide, the mathematical expectation of the
unresolved signal is equal to f(r;,r;_1), and the variance is 2.

Let us formulate the conditions under which the probability distribution density of
the flow is sought. At the output of the measuring channel there is a set of ( measure-
ments (21, ...,2¢) obtained in the presence N of particles with sizes (r1,...,ry). At

the same time:

1) the measurements are far from each other, ie. |t; —t;| > Ay, @ # j, 4,j =
1,...,¢ (this assumption is close to reality if the non-resolution threshold of the
measuring device is less than the interval between neighboring particles);

2) in the vicinity of each measurement either there are no particles, i.e., the mea-
surement is false, or there is one particle, then the measurement corresponds to
an existing particle, or there are two particles, then the measurement is obtained
from an unresolved group of two particles;

3) in areas where there are no measurements, there are no groups of two or more
particles.

The last condition means, in particular, that a measurement can be missed only for a
single particle, and a group of two sufficiently close particles necessarily gives a mea-
surement, which apparently corresponds to reality. As follows from these conditions,
groups of three or more particles are not taken into account.

Let us assume that there are ki situations satisfying the condition of having true
measurements, ko situations satisfying the condition of having merged measurements,
ks = ( — k1 — ko situations satisfying the condition of having false measurements, k4 =
N — k1 — 2k situations satisfying the condition of having missing measurements. Then
the probability distribution density of measurements can be approximately represented
as follows

p(x1, ... xc | T1,...,7N)
k’l k2
Ak 1 (i —14)? (AA)® A
~ (]‘ _ppass)kl | € 7—]I exp{ - 2 }H | € ¢
kq! S V2mo 20 o 2
kis=N—ki—2k,
1 1 Toe—1+7T2¢ 2} ()R,

X expi ——— (xg— ) e DPmisss (16
V2T o, { 20’% 2 kg' s:l_Il mess ( )

where ppiss is the probability of the measured value disappearing.

The expression (16) is also very complicated, its use to assess the number and
dimensions of particles suspended in the liquid requires the use of a powerful computing
technology. Therefore, we will take the next step along the path of simplifying the
task. We will solve it in two stages. At the first stage, based on measuring information
obtained in M measuring channels, we will estimate the true number of particles in the
time interval 7, and on the second stage, independently of each other, we will estimate
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the true size of the particles according to the registered values in the M channels.
The probability distribution density of the registered number of particles in the ith
measurement channel (i =1,..., M) for the time interval 7 is determined as follows:

1 (AT)kl —AT
p((=N;|N)=(1 _PpaSS)k Tlle ’
. 3 ky=N—k,—2k
2 (AA)2 LD S W
B A | Gy
=1 ' . =

Suppose that measurements in each channel are carried out independently of each
other and all the noisy factors in each channel also act independently of each other.
Then the estimates for ky, ko, k3, k4 can be found by maximizing the probability
distribution density (17), that is, by solving a fairly simple problem

M
max { P(C:Ni\N)},
1=1

{k1,k2,N}

where k1 € Ry, ko € Ro, N € Ry, Ry, R1, Re are the given sets of positive integers.

Let us now consider the process of registering the true measurements and assessment
of the dimensions of particles suspended in the liquid based on M-channel meter. We
accept that the registration of particles is carried out using M photo-registers that
receive light signals either from one light source through one counting zone, or from M
light sources installed along the channel of the course of the analyzed liquid and acting
the same type. In the first case, the registration of the same particle in all receivers
is carried out at the same time, in the second — there will be known temporary shifts
between them, which can always be compensated and measurements from the same
particles to perceive as received in all receivers at the same moment.

In each measurement channel, a random number of measurements are obtained
at random times. It is obvious that true measurements related to the same particle
in all channels appear at the same time. Since we assume that the noise factors in
each channel act independently of each other, it is obvious that false measurements
in different channels will appear with a higher probability at different times, and
measurements will also disappear and merge at different times.

Based on the above, we will construct the following algorithm for registering true
measurements and estimating particle sizes. Let measurements (; (0 < (; < M) be
registered in M channels at a given time ¢;. It is necessary to decide whether these
measurements are false and should be ignored or whether most of them are true and it
is necessary to estimate particle sizes based on them. Since the probability that false
measurements appear in all channels at the same time is small, and the probability of
missing measurements in all channels at the same time is also insignificant, we choose
the following decision rule: if

TG (18)

then a decision is made that the measurements in the channels are obtained from a
suspended particle, otherwise, that the measurements are false (0 < v < M). The

105



Asian Journal of Statistical Sciences Kartlos J. Kachiashvili

threshold ~ is chosen so that
Py<¢lr)=1-a (19)

where the condition in probability indicates the presence of a suspended particle.

To determine v, we find the distribution density of the random variable (;. If there
is a particle in the counting zone, we have (; = M — u; — 3;, where 3; is the number
of missing measurements due to merging with the measurement from a neighboring
particle; y; is the number of missing measurements in the absence of a particle in the
counting zone. In the latter case, (; = v;, where v; is the number of false measurements
in M channels.

If it is necessary not to overestimate the concentration of suspended particles in a
liquid, we select the decision rule as follows:

max P(y < ¢ | ) (20)
{7}
given that
P(y<¢0) <o (21)

Otherwise, we solve the problem

min P(y < ¢; | 0) (22)
{7}
given that
Py<¢lr)>1—a. (23)

To solve the problem (20), (21) or (22), (23) it is necessary to find the probability
distribution densities p(¢; | ) and p(¢; | 0). Let the probability of a false measurement
appearing in the ith channel be equal to Praise: Then the probability that at t; moment

Vi o
of time a false measurement appeared in v; channels is equal to H p; alse and condition
1=

(21) takes the form

M vj
P(y < G ‘ 0) = Z Hpicalse < a. (24)

vi=vy1=1

Obviously, condition (24) is not satisfied for any values of p}al e and a. This means
that for different p?al <o the limits of the achievable quality of non-registration of false
measurements are different. Therefore, based on the value « in different channels of
registration of suspended particles, it is necessary to select the thresholds for registering
signals in such a way that condition (21) is satisfied.

Let us assume that the loss of a measurement in the ith channel due to merging
can only occur by merging this measurement with the closest one in time, i.e.

; (AA))? A
pzconf = Tt e ty
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and the probability of each dimension being missing is the same and equal to piss-
According to the multiplication theorem

M—n;
1 J
P(Cj:”jVM)ZiM_W%_l > P(¢G =y | pj = ki, M)P(p; = k; | M), (25)
‘] kJZO
koK ks
P(pj = kj | M) = Cyp_, Diriss (L = Pimiss) ™ 7%, 0 < kj < M —ny, (26)

PG =n; | pj = kj, M)
= P(G =nj | pj =k, 8 =M —kj —n;, M)P(Bj = M — kj —n; | M),

M—kj—n;

1 M—nj M—k;—n;

AM—Fk;—n; Z Z Deonf-T(£,p)s (27)
Canj =1 p=1

PBj=M —kj—n;j | M) =

where the index J(¢,p) indicates the pth permutation in the /th combination. After
receiving n; measurements in M channels at the moment of time ¢;, it is true

PG =mnj | pj = ki, =M —kj —nj, M) = 1. (28)
Taking into account (26)-(28), expression (25) takes the form

1
PG =ni 1 M) = 37— 31
J

Ivlfkj—nj

M*TL]‘ 1 M—n]' M*kj*’nj

k; k; M—n;—k;
D e = =T ED DI | (R N
k;=0 /=1 p=1

M—nj

and taking into account (29), condition (23) will be written as follows:

M M—n;
POSGIN= S FrmgT 3 | Ol (1 = B
n; =7y kJIO

M—-k;—n;

1 Canjv ! M—k;—n;

s =D DN | | Pconf-mp)}zl—a- (30)
p=1

M*?’L]‘ /=1

Similar to condition (24), inequality (30) is not satisfied for any values of ppss,
Peont and (1 —a). This means that for given pyiss and peon s it is impossible to achieve
any quality of measurement. Therefore, it is necessary to select such characteristics
of the measurement channels that the corresponding values of pp,iss and peon g satisfy
(30). Expressions that allow us to calculate pfaise; Pmiss and peon s for a single-channel
PC-analyzer are given below.

Thus, rule (18), where ~ is defined as stated above, makes it possible to make a
decision regarding the presence of a particle in the counting zone at a time t;. Let
us denote the measurement result in the ith channel at a time ¢; by z;(t;). Two
approaches are possible to estimate the true size of this particle: the first is averaging

107



Asian Journal of Statistical Sciences Kartlos J. Kachiashvili

all the measurements obtained

1 Gj
m=— wilty), (31)

G

the second — under the assumption that true measurements form a compact group,
and false ones are likely to be removed from the center of the compact group; we
use formula (31) only for measurements from this compact group, i.e., instead of the
simple arithmetic mean (31), its robust analogue is used to estimate the true size of a
given particle

1
i = G Z i(t;),
i=m;
where m; = 2,3,,...,2}(t;) is the variation series of measurement results in the ith
channel at the moment ¢; in time.

Thus, for a joint assessment of the number and size of particles suspended in a
liquid, several (more than one) measuring channels are required. Developing an opti-
mal algorithm for such an assessment, taking into account all the noise factors, is a
practically unsolvable problem. Constructing a quasi-optimal estimate of the number
of true measurements in a given time interval based on measurement information ob-
tained in one measuring channel is feasible, but requires the use of powerful computing
equipment. The construction of an optimal decision rule that makes it possible, based
on the measurement information obtained in M (M > 1) channels, regardless of the
information at other times, to detect the presence of a particle in the measurement
zone and determine its size is not difficult. Its implementation is possible on the basis
of microprocessor technology.

3. Simulation model of the analyzer of mechanical impurities in a liquid
medium

The purpose of mathematical models of measuring instruments is to minimize the
material and time costs of their development, as opposed to natural modeling. At the
same time, achieving a global optimum in the task of optimizing the device in the
first case is quite possible, while in the second case it is practically unrealizable in
the foreseeable future due to the large number of decision-making options. Therefore,
when developing mathematical models, it is necessary to strive to make them as simple,
compact, and clear as possible, and at the same time to correspond as much as possible
to the real processes occurring in the phenomena under study.

It is obvious that due to their bulkiness and complexity, expressions (15), (17) are
unsuitable for estimating the number and size of suspended particles in a liquid. In
addition, they do not include the technical characteristics of the device (structural,
optical, electrical, etc.), so they cannot be used for optimal design of the device.

To eliminate the noted shortcomings, simulation models of the analyzer under con-
sideration have been developed, in which the operation of individual units and their
interrelationship are simulated based on formalized regularities. These regularities in-
clude the technical characteristics of the analyzer as parameters. The latter allows one
to formulate and solve the problem of optimizing the methodological and technical

108



Asian Journal of Statistical Sciences Kartlos J. Kachiashvili

solutions implemented in the device, using the measure of discrepancy between the
laws of particle size distribution in the analyzed medium and at the device output as
an optimization criterion.

Depending on the given law of probability distribution of sizes (diameters) of parti-
cles analyzed in a liquid medium po(z), the optimal value of the number of fractions L
and the average values of diameters for each fraction d; are calculated. Then, a Poisson
flow of true particles is generated with the parameter AT, where T is the duration of
the analysis, A is the intensity of the Poisson flow, depending on the concentration
of particles in the analyzed medium and the velocity of the liquid flow through the
counting zone, determined on the basis of experimental data for a specific medium;
the total number of true particles ng, the number of particles n; that fall into the
¢ th fraction, and, of course, the frequency of particles falling into the ith fraction
k; = n;/ng are calculated.

For given nmax, dmin and probability p, according to [9], Voz = p - 107" /n(a) is
determined, where nyax = n(a)-10™, 1 < n(a) < 10, Q = Voz/(1.7Tmin)- Here npax is
the maximum possible number of particles registered in the CZ during time T'; d i, is
the minimum possible particle diameter; i, is the minimum signal duration, which
is selected from the boundary conditions imposed by the electronic circuit; Voz is the
volume of the CZ; @ is the volumetric flow rate.

Assuming that the liquid flow channel is quadratic, from the condition 8abh < Vi,
4bh < Scyz, we calculate 2h, where a, b and h are the width, length, and height of
the CZ of a channel, respectively; Scyz is the CZ area determined from the condition
kT > S(dmin)/Scz = 0.001; S(dmin) is the area corresponding to the minimum
diameter of a particle suspended in the liquid. Next, we calculate the “dead time”
value mpr , i.e. the time during which, after a particle passes through the CZ, the
photodetector does not respond to the signal of the next particle, pr = (1 — %’f)nm,
where 7;,, is the duration of the impulse, which can be recalculated from its amplitude
and shape; v is the impulse amplitude, u = S(d); Ep is the level of discrimination,
Ep = S(dipy) (dipy is the threshold value of the diameter). The volume of the jth
particle is V; = Qmpr. Taking into account d? ~ u;, a value dp, is selected depending
on the noise level in the electrical circuit based on the ratio

P(d; < dinr) = Dinrs

For the given value pyp,-, due to random fluctuations in the electrical circuit, false
measurements may occur, i.e.

P(ufalse > u(dthr)) = Pfalse- (32)

Assuming that in the electrical scheme there is white noise with variance UJ%I, (32)
is rewritten in the form

—+00

1 7% u(dthr)
= ——e 7 dx:1—<1><7>.
Pfalse / o o o

u(dthr)

For a given oy by the choice of dy,, the probability value pfqse can be made
arbitrarily small. The value d;;, must be chosen so that it holds p;,;ss — min for
Pfalse < @, Where ppiqs is calculated [9]:
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 (noVez)?
meSS - 4
\/ dthr QTDT d d?hr
X g k; g k:<1+ o ) Vey exp[—kmchz<1+2h>}

The probability of merging measurements from different particles in the analyzer under
consideration is determined by the relation peont = pe1 + pe2, where

Loz &2 — &
(noVoz)? thr
De1 = 1 Z kj Z Ei{ 1+ T

d d?hr
X exp [* kingVey, <1 + %)] )

d? —d ky/d?
ey — nUVCZQZZkk <1+\/Z2 thr) \/ i

d dt2h7"
X exp [ — k;noVozy <1 + T on ﬂ )

merging threshold A; is determined by ratio
P(’tz - ti-&—l‘ < At) = Pconf- (33)

Assuming that more than one particle can appear in the CZ for A;, which form a
Poisson flow, we can write

1
e M Z e M

k=2 ’ k=0

P(ti — tig1] < Ay) =

In this case, equation (33), solved with respect to Ay, is rewritten as follows:
1 — Peonf = e_’\A‘(l + AAY).

The diameter of the particle that appears as a result of merging two other particles
at moments in time ¢; and ¢;41 is determined by the dependence f(d;,d;t1).

The intensity of false measurements is determined depending on the concentration
of interfering components in the studied medium (gas bubbles, photodiode noise im-
pulses, etc.). Multiple experimental data confirm that the distribution of photodiode
noise impulses by amplitude obeys the normal law, and in time — the Poisson law [10].

The intensity of noise impulses is determined by the formula A\; = A\ps = Nys/tns,
where N,; is the number of registered noise signal impulses; ¢,,5 is the time of measuring
the intensity of noise impulses. The variance of the amplitudes of noise impulses is
determined by experimental data [10].

The simulation of the process of formation of measurement information in the an-
alyzer is carried out according to the following algorithm. In a given time interval
[0,77], a Poisson flow with intensity A is simulated, i.e. random moments of time
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0 < t) <tg <tz < -+ <ty < T are determined, at which particles suspended
in a liquid medium are measured. The probability distribution density of the Poisson
flow is denoted by p1(A,T). The sizes of suspended particles are simulated according
to a given law ps (7). For example, with the normality of this law ps(z) = N(z;a,0?),
where a is the mathematical expectation of the sizes of suspended particles, o2 is the
variance of these sizes.

Particles that appear at adjacent moments of time %;, ¢;1+1 and for which the con-
dition |t; — t;11] < Ay is satisfied merge: instead of two particles, one is simulated at
the moment of time t; with diameter f(d;,d;+1). The diameters of the simulated par-
ticles d; are compared with the threshold value dy;,, and particles for which d; < dy,
disappear, i.e., the measurement disappears at the corresponding moment of time ¢;.

In the time interval [0,7], a Poisson flow of false measurements with intensity A;
is modeled: random moments of time 0 < t] < t5 < --- < t;, < T are determined at
which false measurements appear. We denote the probability density of this flow by
p3(A\1,T). Impulses from false measurements are modeled according to the law p4(z).
In cases where |t; — t;“| < A, instead of two measurements, one true and one false,
there remains one measurement at the time t; with the value f(d;,d;).

When modeling the intensity of Poisson flows A\; and Ag, the values of thresholds
Ay and dyp,, the distribution parameters po(x) and py(z), the values of probabilities
Deonfs Pmiss and Prase are set as described above.

4. Optimization of the structure and parameters of the mechanical
impurity analyzer according to the developed models

One of the main goals of developing a simulation model of an analyzer is to optimize
the methodological and technical solutions adopted in the device. In this case, the
measure of the discrepancy between the probability distribution laws of particle sizes
in the analyzed medium and at the device output can be used as an optimization
criterion. Let us denote by p; (i = 1,..., L) the probability of particles getting into
the ith fraction of the analyzed medium, and by p; — the frequency of getting the
obtained (measured) values into the i th fraction at the output of the simulation
model of the device; L is the number of fractions. Then, as an optimization criterion
for the device, we take

L
min { > (i)} (34)

i=1

when the following conditions are met:

Dmiss — Min, Pfalse < a, Dconf < 57 (35)

where « and 3 are given probabilities.

Probabilities p;, pmiss; Pfaises Peons depend on the methodological and technical
decisions taken in the device, such as design decisions (dimensions of the measuring
cuvette, shape and location of the sample preparation and feeding unit), intensity of
the light source, sensitivity of the photodetector, etc. Let us denote the set of design
parameters by w; characteristics of the analyzed medium (probability distribution
function of particle sizes in the analyzed medium) — by 6; noise characteristics of
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the device (fluctuations of the light source and photodiode, auto-fluctuation of the
measurement channels, intensity of occurrence of false measurements) — through 7,
methodological solutions (the value of the filtering threshold of the electrical signal,
the shape of the measuring cuvette, the shape of the light source, the shape of the
counting zone, etc.) — through ¢, and through Q, €;;, Q,,, Qs — the areas of permissible
values, respectively, of the design characteristics of the analyzed medium, the noise
characteristics of the device and methodological solutions. Then problem (34), (35)
must be solved under the following restrictions:

we, ey, nefly, 0. (36)

In general, the problem (33)—(36) is multidimensional and nonlinear. The develop-
ment of convergent methods for its solution largely depends on the characteristics of
existing dependencies between different parameters. As a rule, the development and
study of such methods is a very complex task, requiring large material and time costs.
Its solution is significantly simplified by simulation modeling. In this case, for admis-
sible values of parameters w, 0, 1, ¢ the frequencies p;, ¢ =1,..., L, are modeled and
those values of the parameters that correspond to the minimum value of criterion (34)
are selected. When there are several solutions, the parameter values are selected for
which the technology for manufacturing the device is more modern, simple, econom-
ical, etc., which ultimately results in increased measurement efficiency, robustness of
the obtained estimates, a reduction in error rates and so on. It is essential to reduce
the number of possible enumerations of the values of the parameters under considera-
tion. This is achieved using combinatorics methods and various logical considerations,
taking into account the existing interrelations between the parameters under consid-
eration.

5. Conclusion

New stochastic and simulation models of the analyzer of mechanical impurities in
a liquid medium have been developed, which are used to optimize the structure of
measuring instruments, optimal selection of parameters and algorithms for processing
and filtering information, which guarantees high quality of measurement that means
obtaining unbiased estimations of the number and size of particles weighed in liquids.
These models are used at the design stage to optimize the structure and parameters
of the designed instrument in order to improve its metrological characteristics. At
the same time, the funds and time required to develop high-quality auto analyzers
are significantly reduced. These models are also used during the operation of devices
during their calibration in order to improve the metrological characteristics of the de-
vices. Algorithms for parametric optimization of measuring instruments based on their
mathematical models, optimization of the structure and parameters of the analyzer of
mechanical impurities according to the developed models are proposed.
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